We prove a factorization theorem for the polars of plane singularities with respect to the Newton diagram and calculate the polar quotients of nondegenerated singularities.
Introduction
Let f = f(X; Y ) 2 CfX;Y g be a convergent power series in two variables X, Y . In all this note we assume that f has an isolated singularity at . The aim of this note is to calculate the polar quotients of a curve f = 0 nondegenerated in the sense of Kouchnirenko Kou] in terms of the Newton polygon of f. Our main result gives a factorization of the generic polar curve and is parallel to Merle's theorem (see M] , Th eor eme 3.1). As an application we give a proof of the formula for the Lojasiewicz exponent obtained recently by the rst author Len]. The formula is an improvement of an earlier result due to Lichtin Li] .
Main result
Let f 2 CfX;Y g be a nonzero power series without constant term. Write f = P c X Y and supp f = f( ; ) 2 N 2 : c 6 = 0g. The Newton polygon N(f) = N f is the set of the compact faces of the boundary of the convex hull (f) of supp f +N 2 . For any segment S 2 N f we let in(f; S) = the sum of all monomials c X Y such that ( ; ) 2 S. According to Kouchnirenko Kou] , the series f is nondegenerated on S 2 N f if the polynomial in(f; S) has no critical points in the set C C , where C = C n f0g. The series in nondegenerated if it is nondegenerated on every segment of its Newton polygon. For every segment S of the Newton polygon N f we denote by jSj 1 and jSj 2 the lengths of the projections of S on the horizontal and vertical axes. We call jSj 1 =jSj 2 the inclination of S.
A segment S 2 N f is exceptional if 1 = jSj 1 < jSj 2 (resp. 1 = jSj 2 < jSj 1 ) and S has a vertex on the vertical (resp. horizontal) axis. Let N f be the set of segments of N f which are not exceptional. For every S 2 N f we consider the number "(S) 2 f?1; 0; 1g de ned as follows: "(S) = ?1 if 1 < jSj 1 < jSj 2 (resp. 1 < jSj 2 < jSj 1 ) and S has a vertex on the vertical (resp. horizontal) axis, "(S) = 1 ? (the number of vertices of S lying on the axes) if jSj 1 = jSj 2 ; "(S) = 0 for all remaining cases. Let 2 Newton polygon of the polar curves Let f 2 CfX;Y g be a nonzero power series such that ord f > 1. We assume that the distances d 1 ; d 2 from supp f to the axes are less or equal to 1. Every series with an isolated singularity satis es the above conditions.
Let @ = a @ @X + b @ @Y be such that ab 6 = 0 and @(inf) 6 = 0 (note that @(inf) = 0 if and only if inf = const:(bX ? aY ) ord f ). To avoid a trivial case we assume that f is not generic with respect to X; Y that is ord f(X; 0) 6 = ord f or ord f(0; Y ) 6 = ord f.
Our purpose is to compare the Newton polygons of the series f and @f.
We divide the nonexceptional segments of N f into two classes. A segment S 2 N f is of the rst kind if 1) jSj 1 < jSj 2 and S has no vertex on the vertical axis or 2) jSj 2 < jSj 1 and S has no vertex on the horizontal axis or 3) jSj 1 = jSj 2 and S has no vertices on the axes. Clearly, every segment of the rst kind is not exceptional. A segment S 2 N f is of the second kind if it is neither of the rst kind nor exceptional.
Let S be a segment of the rst kind with vertices ( 1 ; 1 ) and ( 2 ; 2 ) where 1 < 2 (then 1 > 2 ). We denote by @S the segment with vertices ( 1 ?1; 1 ) and ( 2 ?1; 2 ) if jSj 1 < jSj 2 , the segment with vertices ( 1 ; 1 ?1) and ( 2 ; 2 ? 1) if jSj 2 < jSj 1 and the segment with vertices ( 1 ? 1; 1 ) and ( 2 ; 2 ? 1) if jSj 1 = jSj 2 . Clearly S and @S are parallel.
A vertex of the Newton diagram (f) is principal if it is lying on the line + = ord f. If there is exactly one principal vertex ( 0 ; 0 ) and it is not lying on the axes (that is 0 > 0 and 0 > 0) then we denote by V the segment with vertices ( 0 ? 1; 0 ) and ( 0 ; 0 ? 1). Clearly jV j 1 = jV j 2 = 1. We set V = fV g if V exists and V = ;, otherwise.
The rst (last) segment of N f is the segment nearest to the vertical (horizontal) axis. Every segment of the second kind is the rst or is the last. Let 1 ; 2 0 be the distances from supp (@f) to the axes. We can state now the main result of this section.
Theorem 2.1 With the assumptions and de nitions introduced above, we have (1) If S 2 N f is of the rst kind then @S 2 N(@f). If (f) has exactly one principal vertex and it is not lying on the axes then V 2 N(@f). The segments @S (S 2 N f of the rst kind) and the segment V form the sequence of succesive segments when ordered in such a way that the sequence of their inclinations is increased. If the rst segment (the last) is of the rst kind or it is exceptional, then 1 = 0 ( 2 = 0).
(2) Suppose that the rst segment F 2 N f is of inclination 1 and F has a vertex on the vertical axis. There is a set T 1 of segments of N(@f) such that (i) if T 2 T 1 then jTj 1 =jTj 2 jFj 1 =jFj 2 ,
(ii) 1 + P T2T 1 jTj 1 = jFj 1 + "(F), (iii) a line supporting (f) parallel to a segment T 2 T 1 passes through (0; (F)). If the rst segment is of inclination > 1 or has no vertex on the vertical axis we put T 1 = ;. (3) Suppose that the last segment L 2 N f is of inclination 1 and L has a vertex on the horizontal axis. There is a set T 2 of segments of N(@f)
such that (i') if T 2 T 2 then jLj 1 =jLj 2 jTj 1 =jTj 2 ,
(ii') 2 + P T2T 2 jTj 2 = jLj 2 + "(L), (iii') a line supporting (f) parallel to a segment T 2 T 2 passes through ( (L); 0). If the last segment is of inclination < 1 or has no vertex on the horizontal axis we put T 2 = ;. Proof of (1). Let S 2 N f be a segment of the rst kind. Assume that jSj 1 < jSj 2 (the cases jSj 2 < jSj 1 and jSj 1 = jSj 2 are treated similarly). Then @S = S ?(1; 0). By Lemma 2.3 (i) the line l S ?(1; 0) is a barrier of supp (@f) and l S ? (1; 0) = l @S . Therefore @S is a segment of N(@f).
To check the second part of (1) consider two succesive segments S, S 0 of N f . It su ces to observe that 1. If S; S 0 are both of inclination 1 or 1, then @S; @S 0 are succesive segments of N(@f), 2. If jSj 1 =jSj 2 < 1 < jS 0 j 1 =jS 0 j 2 , then the common vertex of S and S 0 is principal and @S, V , @S 0 are succesive segments of N(@f). 3. If jSj 1 < jSj 2 , the lower vertex of S does not lie on the horizontal axis and is principal (resp. jSj 2 < jSj 1 and the upper vertex of S does not lie on the vertical axis), then @S; V (resp. V; @S) are succesive segments of N(@f).
To end the proof of (1) let us observe that if F is of the rst kind then the segment @F has a vertex on the vertical axis. If F is exceptional with the lower vertex (1; ), then the point (0; ) is a vertex of N(@f). Therefore 1 = 0. Analogously we treat the case of the last segment.
Proof of (2). Let F be the rst segment of N f . Suppose that F is not exceptional, jFj 1 jFj 2 and F has a vertex on the vertical axis. Let We claim that ( 0 1 ; 0 1 ) is a vertex od (@f).
Indeed, there is a barrier l of (f) such that l \ supp f = f( 1 ; 1 )g and the inclination of l is < 1 if jFj 1 < jFj 2 and > 1 if jFj 1 = jFj 2 . Therefore (l ? (1; 0)) \ supp (@f) = f( We will check properties (i), (ii), (iii) when jFj 1 < jFj 2 (the proofs when jFj 1 = jFj 2 are similar). By Lemma 2.3 the line l F ? (1; 0) is a barrier of (@f) passing through the vertex ( 1 ? 1; 1 ). Let T 2 T 1 and consider the barrier l F of (@f). Clearly jTj 1 =jTj 2 = inclination of l T inclination of l F ? (1; 0) = jFj 1 =jFj 2 , that is (i) holds. To check (iii) take a barrier of (f) parallel to a segment of T 2 T 1 . It is of inclination jTj 1 =jTj 2 jFj 1 =jFj 2 . Therefore it passes through (0; 0 ) = (0; (F)).
Proof of (3) is analogous to the proof of (2). Proof of (4) follows easily from (1), (2) and (3).
Proof of (5). Consider two parallel segments S 2 N(f) and T 2 N(@f). Let v S be the weight de ned by putting v S (X) = jSj 2 and v S (Y ) = jSj 1 . Assume jSj 1 < jSj 2 . Clearly in v S f = in(f; S) 6 = a monomial and by Lemma 2.2 
Remark
One can also prove factorization theorems similar to our main result for special polars @f=@X and @f=@Y .
